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Quantum entanglement effects between the electronic spin and charge degrees of freedom are examined in an
organic molecular solid, termed a dimer-Mott insulating system, in which molecular dimers are arranged in a
crystal as fundamental units. A low energy effective model includes an antisymmetric exchange interaction, as
one of the dominant magnetic interactions. This interaction favors a 90 degree spin configuration, and competes
with the Heisenberg-type exchange interaction. Stabilities of the magnetic ordered phases are examined by
using the spin-wave theory, as well as the Schwinger-boson theory. It is found that the spin-charge interaction
promotes an instability of the long-range magnetic ordered state around a parameter region where two spin-
spiral phases are merged. Implication for the quantum spin liquid state observed in κ-(BEDT-TTF)2Cu2(CN)3
is discussed.
PACS numbers: 75.10.Kt, 75.25.Dk, 75.30.Ds, 75.30.Et
Quantum entanglements between electronic spin and other
degrees of freedom in solids give rise to a number of exotic
phenomena in correlated electron materials. Prototypical ex-
amples are seen in a strong coupling between the magnetic
and electric polarizations in multiferroic materials [1, 2], and
in a spin-charge coupling in magnetoresistive materials [3, 4].
They do not only induce new cross-correlated phenomena, but
also trigger reexaminations of magnetic phenomena, which
has been examined so far in proper magnets without other de-
grees of freedom [5–8]. Most of the target materials have been
searched in transition-metal compounds where robust spin po-
larizations emerge due to the strong electron correlation.
Another class of the candidate materials, in which quan-
tum entanglements between spin and other degrees of free-
dom are expected, is the organic molecular solids. Instead
of the atomic d- and f -orbitals in transition-metal ions, mag-
netism is responsible for the molecular orbitals (MO). Al-
though the electron-electron interaction is smaller than that
in the transition-metal ions, some series of organic molecular
solids are identified as strong correlated magnets due to the
small overlap integral between MOs, and show a rich variety
of exotic phenomena [9].
A dimer-Mott (DM) insulating system is one of the exam-
ples. A paired molecule is a unit of a crystal lattice, and two
outermost MOs in each dimer unit build the bonding and anti-
bonding orbitals. When one hole/electron per dimer occupies
these MOs in most of the materials, these are the Mott insula-
tors in a case of strong electron-electron interaction [10]. Low
dimensional organic solids, κ- and β′-(BEDT-TTF)2X, and
(TMTTF)2Y (X and Y are anion molecules), are known as ex-
ample materials. Several exotic magnetic phenomena, such as
quantum spin liquid state, superconductivity related to mag-
netic fluctuation, have been found in these materials [11–16].
In addition to the spin degree of freedom, the electronic charge
degree of freedom inside of the molecular dimer is recently
enlightened; the dielectric anomalies are experimentally ob-
served [17–21], and are attributable to the local electric dipole
moments inside of the dimer units [22–26]. It is now the stage
where the magnetic phenomena observed in the DM insulat-
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FIG. 1: (Color online) (a) A 90 degree spin configuration induced by
the spin-charge coupling interaction. The thick and thin arrows rep-
resent directions of the spin moment (S) and the spin-charge moment
(SQx), respectively. The circles and ellipses represent the BEDT-
TTF molecules and dimers, respectively. (b) A schematic lattice
structure and the dominant hopping integrals for κ-(BEDT-TTF)2X
in units of molecules. Inequivalent molecules are denoted by a and
b.
ing materials should be reexamined by taking the spin-charge
entanglement into account.
In this Letter, we examine entanglement effects between
the spin and charge degrees of freedom in a DM insulating
system. A model Hamiltonian for the κ-(BEDT-TTF) type
crystal lattice includes a novel spin-charge coupling, which
gives rise to an antisymmetric exchange interaction. This
interaction favors the 90 degree spin configuration between
the nearest-neighboring (NN) BEDT-TTF dimers as shown
in Fig. 1(a), and compete with the conventional Heisenberg
exchange interaction. Mean field (MF) magnetic phase dia-
gram and stabilities of the long-range magnetic ordered states
are examined by the spin-wave (SW) approximation, as well
as the Schwinger-boson (SB) MF approximation. It is found
that this spin-charge coupling promotes an instability of the
long-range magnetic ordered state around a parameter space,
in which two spin-spiral phases are merged. This is attributed
to the low-energy spin fluctuation induced through the spin-
charge coupling. Implications of the present results for the
spin liquid state observed in κ-(BEDT-TTF)2Cu2(CN)3 are
discussed.
We start from a tight-binding model Hamiltonian for the
DM insulating system: the extended Hubbard model, where
the BEDT-TTF molecules are identified as the fundamental
2units. This is given by
HexH = tA
∑
iσ
(
c†iaσcibσ +H.c.
)
+ U
∑
iµ(=a,b)
niµ↑niµ↓
+ VA
∑
i
nianib +
∑
〈ij〉σ
tµµ
′
ij
(
c†iµσcjµ′σ +H.c.
)
+
∑
〈ij〉µµ′
V µµ
′
ij niµnjµ′ , (1)
where ciµσ is an annihilation operator for a hole at the µ(=
a, b) molecule in the i-th dimer unit with spin σ(=↑, ↓), and
niµ =
∑
σ niµσ =
∑
σ c
†
iµσciµσ is the number operator.
The first three terms represent the interactions inside of a
dimer unit, i.e. the intra-dimer carrier hopping (tA), the intra-
molecular Coulomb interaction (U ), and the inter-molecular
Coulomb interaction inside of a dimer (VA). The last two
terms represent the interactions between the dimer units, i.e.
the carrier hopping between the molecule µ in the i-th dimer
and the molecule µ′ in the j-th dimer (tµµ′ij ), and the Coulomb
interactions (V µµ′ij ).
The effective spin model derived from the extended Hub-
bard model introduced above is more useful to examine the
low-energy magnetic states. When the intra-dimer inter-
actions are sufficiently larger than the inter-dimer interac-
tions, the number of holes in a dimer unit is restricted to
be one, and the inter-dimer parts are treated as the pertur-
bational interactions. The spin and charge degrees of free-
dom, respectively, inside of the dimer unit are described
by the spin operators with an amplitude of 1/2 defined as
S = (1/2)
∑
ss′ν c
†
iνsσss′ciνs′ and the pseudo-spin operator
Q = (1/2)
∑
sνν′ cˆ
†
iνsσνν′ cˆiν′s, where σ are the Pauli matri-
ces, and cˆνs =
∑
µ=a,bWνµcµs with a unitary matrix W =
(σz + σx)/
√
2. The eigenstates for Qzi with the eigenvalue of
1/2 and −1/2, respectively, represent the states, in which one
hole occupies the antibonding orbital ψAB = (ψa − ψb)/
√
2
and the bonding orbital ψB = (ψa + ψb)/
√
2, and those for
Qxi with 1/2 and −1/2, respectively, represent the states, in
which one hole occupies the a orbital (ψa), and the b orbital
(ψb) inside of the dimer.
Up to the second order perturbations, the Kugel-Khomskii
type Hamiltonian [27] for the spin and charge degrees of free-
dom is obtained [22, 23]. This is expressed as a sum of a
number of the exchange terms classified by the perturbation
processes, and the full expression of the Hamiltonian is pre-
sented in Refs. [22, 26]. When the magnetic properties in the
DM phase without the static charge polarization are focused
on, we have confirmed that the following Hamiltonian plays as
a minimal model which includes the dominant terms instead
of all exchange terms:
H =
∑
〈ij〉
JijSi · Sj − Γ
∑
i
Qzj
+
∑
〈ij〉
Kij(Q
x
i −Qxj )Si · Sj. (2)
The first and second terms in Eq. (2), respectively, repre-
sent the Heisenberg interaction, and the intra-dimer carrier
hopping, corresponding to the energy difference between the
bonding and antibonding orbitals. The third term is the main
term, i.e. the spin-charge coupling term. We have checked
numerically that the magnetic phase diagram and magnetic
order parameters in the DM phase calculated by this Hamilto-
nian reproduce qualitatively those by the Hamiltonian includ-
ing all interaction terms, such as
∑
〈ij〉 J˜ijSi · SjQxiQxj and∑
〈ij〉WijQ
x
iQ
x
j . Details are presented in the Supplemental
Material (SM).
Let us first consider the spin-charge coupling on an isolated
bond connecting NN dimers in the κ-(BEDT-TTF) type lattice
[Fig. 1(b)]. It is noticeable that this spin-charge coupling term
provides an antisymmetric interaction; its sign is changed by
interchanging sites i and j. Any rotations of the local pseudo-
spin frames do not remove this alternation of signs, when we
express this term for all NN bonds in a unified fashion. In
the DM phase, where the local charge polarizations and cur-
rents are zero, i.e. 〈Qx〉 = 〈Qy〉 = 0, the single-site wave
function is given by a form |ψ〉 = a |↑, ↑〉 + b |↓, ↓〉, with
complex numbers a and b. The bracket represents |Sz, Qz〉
where Sz is taken as the local spin quantization axis. That is,
the spin and charge sectors are entangled strongly with each
other. The spin and spin-charge coupled moments in this wave
function are calculated as 〈S〉 = (0, 0, (|a|2 − |b|2)/2) and
〈SQx〉 = (Re[a∗b]/2, Im[a∗b]/2, 0), respectively. Thus, 〈S〉
is perpendicular to 〈SQx〉. As shown in Eq. (2), the spin-
charge coupling term is given by inner products of SiQxi and
Sj , and SjQxj and Si, with the positive and negative coupling
constants, respectively. Therefore, SiQxi and Sj (SjQxj and
Si), tend to be antiparallel (parallel) with each other. Conse-
quently, the effective interaction between Si and Sj favors a
spin configuration with 90 degree as shown in Fig. 1(a), in a
similar way to the Dzyaloshinsky-Moriya interaction.
In the κ-(BEDT-TTF) type lattice, since the number of the
NN bonds along the y axis is larger than that along the x axis,
the spin-charge coupling term favors a 90 degree spin-spiral
order along the y axis in the DM phase. In a realistic pa-
rameter set, a magnitude of the spin-charge coupling is com-
parable to the Heisenberg-type interaction given by the first
term in Eq. (2). We will show that the competition between
these two interactions induces instability of the conventional
spin order and promotes a spin disordered state. As shown
in Fig. 2(a), there are two kinds of the exchange interactions:
the interactions between the equivalent dimers and the interac-
tions between the inequivalent dimers denoted by (J ′,K ′) and
(J,K), respectively. In the following analyses, for simplicity,
we adopt J as a unit of energy, and a relation J ′/J = K ′/K
and Γ = 40J are assumed.
Spin structures under the competition between the inter-
actions in Eq. (2) is examined by the linear SW approxima-
tion based on the MF approximation. As the MFs, we intro-
duce 〈Sµ〉, 〈Qν〉, and 〈SµQν〉 where (µ, ν) = (x, y, z). The
MF solutions are calculated in finite size clusters up to the
6× 6 unit cells under the periodic boundary condition. Three
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FIG. 2: (Color online) (a) A schematic lattice structure and the ex-
change interactions for κ-(BEDT-TTF)2X in units of dimers (upper
panel). Schematic spin structures in the X- and Y-spiral phases are
shown in the middle and lower panels, respectively. The circles and
ellipses represent the BEDT-TTF molecules and dimers, respectively.
(b) Ground state magnetic phase diagram obtained by the MF ap-
proximation. Numbers in the parentheses represent angles between
the NN spins along the x and y axes in the X- and Y-spiral phases,
respectively, as a unit of degree. (c) Ground state magnetic phase
diagram in which fluctuation effects are taken into account by the
linear SW approximation. An infinite number sites along the x axis
is adopted. The shaded area denoted by “Disorder” represents a pa-
rameter space in which the magnetic moment obtained by the linear
SW approximation is negative.@
kinds of the Holstein-Primakoff (HP) bosons are introduced;
the spin excitation, charge excitation, and spin-charge coupled
excitation. We introduce the local unitary transformations U ,
which turns the local quantization axes to be parallel to the MF
spin and pseudo-spin directions at each site, as S˜z = USzU†
and Q˜z = UQzU†. When the local spin and charge states
are represented by
∣∣∣S˜z, Q˜z〉, |↑, ↑〉 (≡ |1〉) is the MF ground
state, and |↓, ↑〉 (≡ |2〉), |↑, ↓〉 (≡ |3〉), and |↓, ↓〉 (≡ |4〉) are
the excited states. The excitations are given by the generators
Jnm in the SU(4) algebra as Jnm |n〉 = |m〉where m and n take
1–4. The HP bosons are introduced by the transformations
J11 = M −
∑
n6=1 α
1†
n α
1
n, J
1
n = α
1†
n
√
M −∑l 6=1 α1†l α1l ,
and J ln = α1†n α1l for (l, n) 6= 1 with M = 1. The Hamilto-
nian in Eq. (2) is rewritten by the HP bosons within the linear
SW approximation where 1/M expansion is applied. Details
are given in SM.
A MF magnetic phase diagram at zero temperature is pre-
sented in a plane of the anisotropy in the exchange interaction
(J ′) and the spin-charge coupling constant (K) in Fig. 2(b).
The horizontal axis at K = 0 is identical to the Heisen-
berg model. The conventional Ne´el order and the coplanar
120 degree structure, respectively, are realized at J ′ = 0
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FIG. 3: (Color online) (a) Magnetic moments calculated by the SW
method as functions of the exchange anisotropy (J ′/J) for several
values of the spin-charge coupling. (b) Condensation densities cal-
culated by the SB MF approximation.
and 1, which correspond to the square and equilateral trian-
gular lattices. Between them, a spiral spin structure char-
acterized by a momentum (qx, 0), termed a “X-spiral”, ap-
pears. When the spin-charge coupling K turns on, a differ-
ent spiral spin structure characterized by (0, qy), termed a “Y-
spiral”, emerges in the small J ′ region. Spin structures in the
X- and Y-spiral phases are shown in Fig. 2(a). The Y-spiral
phase is consequence of the competition between the Heisen-
berg interaction and the spin-charge coupling which favors the
90 degree spin configuration as mentioned above. The X-
spiral, Y-spiral, and Ne´el ordered phases are merged around
(J ′ = 0.45,K = 6.5) ≡ (J ′c,Kc). Another spiral phase
termed “XY-spiral” also appears between the X- and Y-spiral
phases, where the spin structures are characterized by both the
x and y components of the momentum.
A possibility of the spin disorder phase is examined by cal-
culating the ordered magnetic moment corrected by the quan-
tum fluctuations in the linear SW approximation. This is given
by m =M/2−N−1∑k(〈α1†2 (k)α12(k)〉+ 〈α1†4 (k)α14(k)〉),
where the second and third terms are the quantum corrections
due to the spin and spin-charge coupled excitations, respec-
tively. The results are plotted as a function of J ′ in Fig. 3(a)
for several values ofK . In the case of no spin-charge coupling
(K = 0), m decreases toward the phase boundary (J ′ = 0.5)
between the commensurate (C) Ne´el ordered phase and the
incommensurate (IC) X-spiral phase, i.e. the C-IC transition
point as known in Ref. [28]. This reduction becomes pro-
nounce with increasing the spin-charge coupling, and m is
negative in a finite region of J ′. We survey any possible MF
magnetic and charge ordered states described by 〈Sµi 〉, 〈Qi〉,
and 〈Sµi Qνi 〉 up to the 6×6 site clusters. A part of the calcula-
tions are performed in a cluster with an infinite number of sites
along the x axis. The above results imply that, at least, as-
sumed magnetic orders are unstable, although the stable mag-
netic structure in the parameter range, in which m is negative,
can not be identified in the present calculations. The phase di-
agram where the quantum fluctuation is taken into account in
the linear SW approximation is presented in Fig. 2(c). The pa-
rameter region where m is negative is represented by a shaded
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FIG. 4: (Color online) Dispersion relations of SW along the kx (left
panel) and ky (right panel) axes for several values of the spin-charge
coupling. A parameter value is chosen to be J ′/J = J ′c/J .
area, and appears around the point at which the two C-IC tran-
sitions are merged with each other. That is, the competition
between the Heisenberg interaction and the spin-charge cou-
pling enhances the instability of the magnetic ordered phase.
The results introduced above are checked by utilizing the
SB MF theory [29–32]. We introduce the boson operator,
β†iστ where σ(=↑, ↓) and τ(=↑, ↓) are the spin and charge
subscripts, respectively. These operators produce the eigen-
states of Sz and Qz as |στ〉 = β†iστ |0〉, where |0〉 is the vac-
uum for the SBs. The Hamiltonian in Eq. (2) is rewritten by
the SB scheme as
H = −Γ
∑
i
Qzi +
∑
〈ij〉ττ ′
Jij
[
N (Bττ ′†ij Bττ
′
ij )−Aττ
′†
ij A
ττ ′
ij
]
+
∑
〈ij〉ττ ′
1
2
CτijC
τ ′
ijKij
[
N (Bτ τ¯†ij Bτ
′τ ′
ij )−Aτ τ¯†ij Aτ
′τ ′
ij +H.c.
]
,
(3)
where Aττ ′ij = 12 (βi↑τβj↓τ ′ − βi↓τβj↑τ ′) and Bττ
′
ij =
1
2 (β
†
i↑τβj↑τ ′ + β
†
i↓τβj↓τ ′). We define the normal product
N , and τ¯ =↑ (↓) for τ =↓ (↑). A numerical factor takes
Cτij = 1 on the horizontal bonds along the x axis, andCτij = 1
(−1) for τ =↑ (↓) on the diagonal bonds. The MF-type
decoupling is introduced in the bilinear terms in Eq. (3) as
XijYij ≈ 〈Xij〉Yij + Xij〈Yij〉 − 〈Xij〉〈Yij〉 where Xij
and Yij are the bond operators, and the expectation values
are determined selfconsistently under the global constraint∑
iστ 〈β†iστβiστ 〉 = 2N (N is the number of unit cells).
In order to examine a possibility of the instability of long-
range ordered state, we calculate the SB condensation densi-
ties (ρ) corresponding to the sublattice magnetization. This
is expressed by the coefficients in the Bogoliubov transforma-
tion, which diagonalizes the SB MF Hamiltonian. Details are
presented in SM. The calculated condensation densities are
shown in Fig. 3(b). In the case of K = 0, a reduction of ρ
is seen around J ′ = 0.6 corresponding to the C-IC transition
point. Similar to the case of the SW approximation, the re-
duction is increased with increasing the spin-charge coupling.
Through the calculations by the two different approxima-
tion methods, we believe that an instability of the magnetic
ordered state around the “double” C-IC transition point is not
an artifact, but is robust. We note that ρ does not reach zero
even in its minimum points, and the assumed spin structure is
still stable within this SB MF approximation. It is well known
that the linear SW approximation overestimates the magnetic
disordered state, while the SB MF approximation underesti-
mate it. Thus, we expect that the real situation for the reduc-
tion of m and emergence of the quantum disordered state are
in between the two results. To elucidate the low-energy spin
fluctuation causing the reduction of the magnetic moment, we
show the variations of the SW dispersions for the change of
the spin-charge coupling. The energy dispersions for the SW
excitations along the kx and ky axes in the Ne´el ordered phase
near the C-IC transition points are shown in Figs. 4(a) and (b),
respectively. When the system approaches to the double C-IC
point, the linear dispersion around the Γ point is changed into
the quadratic-like dispersion in both the kx and ky axes. Si-
multaneously, the bandwidth along the ky direction becomes
narrow. These changes lead to large enhancement of the low
energy spin fluctuation, and the reduction of the ordered mag-
netic moment.
Finally, we touch briefly implications of the present results
for the experimentally observed quantum spin liquid state
in κ-(BEDT-TTF)2Cu2(CN)3. At first, the present theory is
based on the assumption that the static charge polarization in-
side of the dimers does not occur and the system is in the
DM insulating state. This is consistent with the experimental
results in κ-(BEDT-TTF)2Cu2(CN)3 where a clear charge or-
dering transition has not been observed [20, 21]. According
to the first-principles calculation [33], the anisotropy in the
electron hopping integrals is estimated to be t′/t ≈ 0.8 cor-
responding to J ′/J ≈ 0.64. That is, this material is located
near the C-IC transition point at J ′/J ≈ 0.5 rather than the
isotropic point J ′/J = 1. A value of the spin-charge cou-
pling constant is also estimated to be K/J ≈ 2–5. Thus,
in the magnetic phase diagram shown in Fig. 2(c), κ-(BEDT-
TTF)2Cu2(CN)3 is located in or close to the shaded area in
which the long-range magnetic ordered state is not stable.
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6Supplemental Material for the article
“Quantum Melting of Magnetic Order
in an Organic Dimer-Mott Insulating
System”
In this Supplemental Material, detailed calculations for the
effective model Hamiltonian, the spin-wave approximation,
and the Schwinger boson mean-field approximation are pre-
sented.
EFFECTIVE MODEL HAMILTONIAN
In this section, we present validity of the effective model
Hamiltonian given in Eq. (2) in the main text (MT). A full
expression of the effective model Hamiltonian derived from
the extended Hubbard model is presented in Refs. [1, 2]. This
is divided into the following three terms;
Heff = Hintra +HV +Hex. (4)
The first two terms are represented by
Hintra +HV = −Γ
∑
i
Qzi +
∑
〈ij〉
WijQ
x
iQ
x
j , (5)
where Γ(= 2tA) is the intra-dimer electron hopping and
Wij (= V aaij +V bbij −V abij −V baij ) is the inter-dimer Coulomb in-
teraction. The third term represents the exchange interactions
originating from the second order perturbation with respect to
the inter-dimer hopping and is classified by the spin-singlet
and spin-triplet intermediate states in the perturbational pro-
cesses as
Hex = −
∑
〈ij〉
(
3
4
+ Si · Sj
)
hTij −
∑
〈ij〉
(
1
4
− Si · Sj
)
hSij .
(6)
Here, hTij and hSij are represented by the pseudo-spin operators
at sites i and j, as shown in Refs. [1, 2].
The spin-charge coupling term of the present interest is
given by
HKex =
∑
〈ij〉
Kij(Q
x
i −Qxj )Si · Sj . (7)
The dominant perturbational process in this term is shown in
Fig. 5, which consists of the cross terms of the diagonal and
off-diagonal hopping integrals. In addition to this term, the
following two terms are the dominant exchange interactions
among several terms in HJ : the another type of the spin-
charge coupling given by
HJ˜ex =
∑
〈ij〉
J˜ijSi · SjQxiQxj , (8)
bonding
antibonding
i j
FIG. 5: (Color online) One of the dominant perturbational processes
between the neighboring i- and j-th dimers contributing to the spin-
charge coupling term in Eq. (7).
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FIG. 6: (Color online) Magnetic moments calculated by the SW
method. Square and triangle symbols, respectively, are obtained in
the model Hamiltonian H adopted in MT, and H′ where other dom-
inant terms are added (see the text).
and the Heisenberg exchange interaction given by
HJex =
∑
〈ij〉
JijSi · Sj. (9)
The exchange parameters Kij , Jij and J˜ij are represented by
the energy parameters of the extended Hubbard model given
in Eq. (1) in MT, and all of them are positive. Their magni-
tudes are the same orders with each other.
In MT, we focus on the DM phase where the local charge
polarizations and currents are zero, i.e. 〈Qx〉 = 〈Qy〉 = 0.
We adopt the Hamiltonian H = Hintra + HJex + HKex as
a minimum model, and show that the spin-charge coupling
promotes an instability of the long-range magnetic ordered
phase. In order to check validity of this model, we calculate
the magnetic moment by the linear spin wave (SW) method,
where the remaining dominant terms are taken into account,
i.e. H′ ≡ H +HV +HJ˜ex. The calculated results are shown
in Fig. 6, and are compared with the results obtained in H
which is presented in Fig. 3(a) in MT. The magnetic moment
obtained inH′ shows negative values around J ′/J = 0.4, and
difference between the two results are within ten percent.
SPIN-WAVE APPROXIMATION
In this section, we present a detailed explanation for the lin-
ear SW approximation based on the mean-field (MF) method.
As for the MF solutions, the spin moment 〈S〉 and the spin-
charge moment 〈SQx〉, respectively, at each dimer unit are
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FIG. 7: (Color online) A schematic two dimensional plane in the
κ-(BEDT-TTF)2X crystal structure. Ovals denoted by A and B rep-
resent inequivalent dimers. Dotted lines and arrows are the inequiv-
alent bonds and the primitive translation vectors, respectively.
confined on the Sz–Sx and SzQx–SxQx planes, and the
MF solutions are found by rotating them around the Sy and
SyQx axes. The unitary transformation for the rotating frame
is given by U = USUSQ with the unitary matrices US =
exp[−iθSy] and USQ = exp[−iφ(2SyQx)] where θ and φ
are the site dependent angles. Explicitly, the z components of
the operators are represented in the rotating frames as
S˜z = (Sz cosφ+ 2SxQx sinφ) cos θ
+ (Sx cosφ− 2SzQx sinφ) sin θ, (10)
Q˜z = Qz cosφ− 2SyQy sinφ. (11)
In the local frame at each site, the spin and charge states are
described by the wave function
∣∣∣S˜z, Q˜z〉. Thus, |↑, ↑〉 (≡ |1〉)
is the MF ground state, and other three |↓, ↑〉 (≡ |2〉), |↑, ↓〉 (≡
|3〉), and |↓, ↓〉 (≡ |4〉) are the excited states. We introduce
the generators in the SU(4) Lie algebra, J lm(i) (l,m = 1–
4), which changes the spin and orbital states at site i as
J lm(i) |n〉 = δnl |m〉. The spin operators S˜µi , the pseudo-
spin operators Q˜νi , and their products S˜
µ
i Q˜
ν
i are represented
by the linear combinations of J lm(i). For example, S˜zi =
(1/2)
[
J11 (i)− J22 (i) + J33 (i)− J44 (i)
]
. Then, the general-
ized Holstein-Primacoff (HP) transformations in the SU(4) al-
gebra are introduced as
J11 (i) = M −
∑
n
α1†n (i)α
1
n(i),
J1n(i) = α
1†
n (i)
√
M −
∑
l
α1†l (i)α
1
l (i),
J ln(i) = α
1†
n (i)α
1
l (i), (12)
where both n and l do not take 1, and M = 1. The boson
operators α1n describe the local spin, charge, and spin-charge
excitations. Since the inequivalent two dimers exist in a unit
cell of the κ-(BEDT-TTF)2X crystal as shown in Fig. 7, we
introduce two kinds of the HP bosons, aln(i) and bln(i), for the
A and B sublattices, respectively, in each unit cell.
The right-hand sides in Eqs. (12) are expanded up to the
second order of the HP bosons. Then, the Hamiltonian pre-
sented in Eq. (2) in MT is represented as the quadratic form
of the boson operators as
HSW = 1
2
∑
k
ψ
†
kDkψk + const., (13)
whereψk is a set of the bosonic operators with the momentum
k defined by
ψk =
[
a12(k), b
1
2(k), a
1
3(k), b
1
3(k), a
1
4(k), b
1
4(k),
a12
†
(−k), b12†(−k), a13†(−k), b13†(−k), a14†(−k), b14†(−k)
]
,
(14)
and Dk is a 12×12 matrix. Through the Bogoliubov transfor-
mation, the Hamiltonian is diagonalized as
HSW =
6∑
kn=1
ǫkn
(
γ†knγkn +
1
2
)
+ const., (15)
with the energy ǫkn. A set of the bosonic operators are defined
by the Bogoliubov transformation as γk = Tkψk, which is
explicitly represented as
γk =
(
γk1, γk2, γk3, γk4, γk5, γk6,
γ†−k1, γ
†
−k2, γ
†
−k3, γ
†
−k4, γ
†
−k5, γ
†
−k6
)
. (16)
Next, we define the magnetizations at sublattices A and B
as
mA(B) =
1
N
∑
i∈A(B)
〈Sˆzi 〉, (17)
where Sˆz = USSzU†S . This is rewritten in the linear SW
scheme as
mC =
M
2
− 1
N
∑
k
[
〈α12†(k)α12(k)〉+ 〈α14†(k)α14(k)〉
]
,
(18)
where αln is aln and bln when C = A and B, respectively.
The 2nd and 3rd terms in the right-hand side represent the
quantum corrections for the spin moment due to the spin and
spin-charge fluctuations, respectively. In the Ne´el order state,
we have the following results,
mC =
M
2
− 1
N
∑
k
12∑
n=7
[∣∣(T −1k )ln∣∣2 + ∣∣(T −1k )mn∣∣2] ,
(19)
where (l,m) = (1, 5) and (2, 6) for the A and B sublattices,
respectively. In the X-spiral phase introduced in MT, we ob-
tain magnitude of the order parameter given as
mC =
M
2
cosφ
− 1
N
∑
k
12∑
n=7
[∣∣(T −1k )in∣∣2 + ∣∣∣(T −1k )jn∣∣∣2] cosφ
− 1
N
∑
k
12∑
n=7
Re
[(T −1k )∗kn (T −1k )ln] sinφ, (20)
8where (i, j, k, l) = (1, 5, 1, 3) and (2, 6, 2, 4) for C=A and B,
respectively, and a factor cosφ in the first and second lines
represent reduction of the local spin moment due to canting
of the Sˆz axis toward the SxQx and SzQx axes, and the
third term originates from the couplings between the spin and
charge excitations. In the case where dominant parts of the
electron hopping integrals given in Fig. 1(b) in MT are con-
sidered, the sublattice A and B are equivalent with each other
and mA = mB is satisfied.
SCHWINGER-BOSON MEAN-FIELD APPROXIMATION
In this section, we introduce a detailed explanation for the
Schwinger boson (SB) MF approximation adopted in MT. We
generalize the conventional SB MF theory [3–6], which has
been applied into the Heisenberg model, to the examination
of the present spin-charge coupled model. We introduce the
four boson operators βiστ where σ(=↑, ↓) and τ(=↑, ↓) are
the subscripts for the spin and charge degrees of freedom, re-
spectively, and i represents a site. The eigenstates of Sz and
Qz are given by |στ〉 = β†iστ |0〉, where |0〉 is a vacuum of the
boson. The following local constraint is required at each site:∑
στ β
†
iστβiστ = 1. We introduce the bond operators defined
by
Aττ
′
ij =
1
2
(βi↑τβj↓τ ′ − βi↓τβj↑τ ′),
Bττ
′
ij =
1
2
(β†i↑τβj↑τ ′ + β
†
i↓τβj↓τ ′). (21)
Then, the Hamiltonian in Eq. (2) in MT is rewritten as
H = −Γ
∑
i
Qzi +
∑
〈ij〉ττ ′
Jij
[
N (Bττ ′†ij Bττ
′
ij )−Aττ
′†
ij A
ττ ′
ij
]
+
∑
〈ij〉ττ ′
1
2
CτijC
τ ′
ijKij
×
[
N (Bτ τ¯†ij Bτ
′τ ′
ij )−Aτ τ¯†ij Aτ
′τ ′
ij +H.c.
]
, (22)
where τ¯ =↑ (↓) for τ =↓ (↑). The first, second, and third
terms represent the intra-dimer electron hopping, the Heisen-
berg exchange interaction, and the spin-charge coupling, re-
spectively. We define numerical factors as Cτij = 1 on the
horizontal bonds along the x axis, and Cτij = 1 (−1) for τ =↑
(↓) on other bonds.
The MF decouplings are introduced in the quartic terms
of the SB operators as XijYij ≈ 〈Xij〉Yij + Xij〈Yij〉 −
〈Xij〉〈Yij〉, where Xij and Yij are Aij or Bij . The
local constraint is replaced by the global one given as∑
iστ β
†
iστβiστ = 2N , where a summation with respect to
i is taken over on the A and B sublattices, N is the number of
the unit cells, and λ is treated as the Lagrange multiplier. The
MFs are assumed to be independent in the crystallographically
inequivalent bonds labeled by 1–6 in Fig. 7. We introduce a
set of the boson operators defined in the momentum space as
φk = (ak↑↑, ak↓↑, ak↑↓, ak↓↓, bk↑↑, bk↓↑, bk↑↓, bk↓↓,
a†−k↑↑, a
†
−k↓↑, a
†
−k↑↓, a
†
−k↓↓, b
†
−k↑↑, b
†
−k↓↑, b
†
−k↑↓, b
†
−k↓↓),
(23)
where akστ and bkστ are the SB operators for the A and B
sublattices, respectively, in the momentum space. Then, the
Hamiltonian in the SB MF approximation is expressed as
HSB = 1
2
∑
k
φ
†
khkφk − 6λN, (24)
where hk is a 16× 16 matrix. Through the Bogoliubov trans-
formation, the Hamiltonian is diagonalized as
HSB =
∑
k
8∑
n=1
ωkn
(
η†knηkn +
1
2
)
− 6λN, (25)
with the energy ωkn and a set of the boson operators defined
by the Bogoliubov transformation as ηk = Fkφk.
The MFs are determined by the saddle-point equations
given by
Aττ
′
n =
1
2N
∑
k
eik·δ
8∑
i=1
[
(F−1k )m↑τ+l1,i(F−1k )⋆m↓τ′+l2,i
− (F−1k )m↓τ+l1,i(F−1k )∗m↑τ′+l2,i
]
, (26)
and
Bττ
′
n =
1
2N
∑
k
e−ik·δ
16∑
i=9
[
(F−1k )∗m↑τ+h1,i(F−1k )m↑τ′+h2,i
+ (F−1k )∗m↓τ+h1,i(F−1k )m↓τ′+h2,i
]
, (27)
where Aττ ′n ≡ 〈Aττ
′
ij 〉 and Bττ
′
n ≡ 〈Bττ
′
ij 〉, in which a
bond connecting i and j sites belongs to the bond n(= 1–
6) defined in Fig. 7. We define (l1.l2) = (0, 8), (4, 12),
(0, 12), (4, 8), (4, 8), and (0, 12) in Aττ ′n for n = 1–6, and
(h1.h2) = (0, 0), (4, 4), (0, 4), (4, 0), (4, 0), and (0, 4) in
Bττ
′
n for n = 1–6, respectively. We also define δ = a1+2,
a1+2, a1, a1, a2 and a2 for n = 1–6, respectively, where
a1 and a2 are the primitive translation vectors given in Fig. 7,
and (m↑↑,m↓↑,m↑↓,m↓↓) = (1, 2, 3, 4). The constraints in
the two sublattices provide the following two equations:
1
N
∑
k
4∑
i=1
16∑
j=9
∣∣(F−1k )∗i,j∣∣2 = 1, (28)
1
N
∑
k
8∑
i=5
16∑
j=9
∣∣(F−1k )∗i,j∣∣2 = 1, (29)
through which the bond order parameters and the Lagrange
multiplier are determined selfconsistently.
9From now on, we focus on the magnetic ordered phases. In
the SB scheme, a long-range order at a wave vector Q corre-
sponds to the Bose-Einstein condensation (BEC) for the boson
αk=±Q/2 [4]. When the BEC occurs by changing the param-
eter from the disordered state, the lowest excitation energy for
the bosons at ±Q/2 is of the order of 1/N . By following
the conventional calculation process of the BEC, we separate
the divergent terms at ±Q/2 from the summations for k in
Eqs. (26)–(29) and solve the equations selfconsistently. The
sublattice magnetizations are obtained from the BEC density
at the momentum ±Q given by
ρC =
1
N
∑
k=±Q/2
m∑
i=l
16∑
j=9
∣∣(F−1k )i,j ∣∣2 , (30)
where (l,m) = (1, 8) and (9, 16) for C = A and B, respec-
tively. A condition ρA = ρB is satisfied due to the equivalence
of the A and B sublattices as mentioned in the previous sec-
tion.
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